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Ali Astaneh Ph.D. (Lon), Vancouver, BC

To begin with, the reader of this article needs only to be familiar with only one of
the Kaperkar’s games for two, three, or four-digit numbers; say a knowledge of the
first couple of pages from Article 9 in this same Number Theory section of the
website.

Here, I start by pointing out my recent observation that the “Game of 27” isn’t the
only two-digit version of Kaperkar’s game to be played. But, as we will see
shortly, for any other four members of the set {27, 45, 09, 81, 63} you can play an
exact similar game with the same rules, operation, and the similar promise of the
game. That 1s, if you choose any other number in this set, say 45 as your fixed
target to play the “Game of 45”, then if you perform the operation on any
randomly selected two-digit number at most six times you will eventually hit 45
along the way. What is more, as far as the operation in Kaperkar’s game is
concerned, the above set is a “/oop” for the game, in the sense that after a single
operation applied to any member of the set you obtain the next one in that order
(and applying to 63 you go back to 27). More precisely, if we let the arrow !
denote a single operation of the game, then we have the following repeating
diagram that should explains the point.

L2710 4510 091 811 63! 27! 45!

My selection of the term “/oop” for the above set is made more clear if we plot the
five members of the above set on a circle clockwise but in the same order as in the
set, and draw short curved arrows, again each representing a single operation, from
one number to the next, then we truly observe the visual “/loop”.

Theorem 1 (Astaneh) If you choose any member of the loop {27, 45, 09, 81, 63}

as your fixed target to play Kaperkar’s game on randomly selected two-digit
| ’
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numbers, again at most after six operations you will hit your chosen fixed target;
with the exception that for the “Game of 09”; that only a maximum number of five
operations are needed to hit the two digit number 09.

Before I present the proof I would like to point out that Theorem 1 above implies a
second (and shorter) proof for the “Game of 27", as for the proof of the same fact
in Article 9, where a specific different argument is followed. Moreover, as earlier
mentioned, this Theorem implies four more “Games of 45, 09, 81, and 63” of
exactly the same nature to be played at late elementary/early secondary level.

Another note worthy of attention is; if we regard “Game of 09" as the two-digit
version of Kaperkar’s game, then the current Theorem in conjunction with results
asserted in Articles 9 &10 for the “Games of 495 and 6174”, imply the following
rhythmic/poetic assertion as a fact,

The maximum number of operations needed to hit the target in the games of the
two, three, and four-digit versions of Kaperkar’s game are five, six, and seven,
respectively.

Proof of The Theorem: Let! =1! ! be an arbitrary two digit number with

different digits, and recall that by Step 2 of the rules of the game whether your
randomly selection of any of the two-digit numbers N =! | or!l =1 1  after the
first operation the resulting two digit number N, will be the same in either case.
This fact will be used frequently in what follows. Moreover, for the very same
reason without loss of generality we can assume that our randomly selected
numberis! =!I witha! ! . With this assumption, let! =! — a, then after
the first application of the operation the new number ! 4, as a two-digit number

can be expressed as,

|l ! bla! " | (10b! a)! (10a! b)! 10( —=!)+( —1)!
10d! d! 10! ! ')+ (" —1). Therefore, as a two-digit number,
N =( —1) (10! d),where ! =1,11 1. *)

Now since the digits of the two-digit number ! { add up to 9, we conclude that the

two-digit number ! 4 is a multiple of 9. That means ! ; can be only one of the
I #
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numbers N; ! 09!18!27!36!!" 154163!72181,!"

Note that N, can’t be 99, because otherwise (*) implies contradictory equations
(! =1)="!and (10! d)! 9. On the other hand, the fact that the operation of
the game applied to numbers ! ! and v lu will produce the same two-digit
number, in conjunction with the circular loop seen in the diagram preceding the
Theorem, imply in addition we also have the following diagram, that includes all

above ten multiples of 9 representing possible ! 1’s,

Meaning a single operation applied to other two-digit numbers !" 1" 1" ,18!36
(which aren’t in the /oop) produces the next clockwise number in the /oop. Also, a
close study of the above diagram together with the diagram preceding the Theorem
shows that when any of the members !  in the original /oop {27, 45, 09, 81, 63} is

chosen as a target to play the “Game of ! (”, then for a particular number ! in the
above diagram as a potential randomly selected two-digit number, exactly five
operations 1s needed to be performed to hit the target N, . For example, if you
choose N, = 09 to be your original target to play the “Game of 09, then selecting
N= 90 as our potential random selection, we have,

| =90! ! ,! 81! 1,1 63! 151 270 N, =!" | N,=09.

Thus, to complete the proof it is enough to show that the numbers 27, 45, 81, 63
can be met as N, for a right selection of an N in the diagram, whereas 09 can be
met at most as ! 5. To this end, first observe that for specific random selections of
I =1" 117!113!and!15 ; a single operation on these numbers imply N, = 1" | 54,
18! and 36 respectively. Which, therefore means ! | = 27, 45, 81, and 63 by the
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above graph. More specifically, say for to the “Game of 45” if you choose your
randomly selected two-digit number to be N ! " then,

=" 1 1, =151 N, =!"1 N3=81 Ny=!"11c1 271 | .1145

It remains to show if we choose 09 as the target of the game, it can be reached at

most as ! | . To this end, another study of the above diagram shows that! , ! "
is only possible if and only if for a random selection of ! =!! ! we can have

Iy I " | but this in impossible, otherwise (*) implies,(! ! ') ! ! and

(™ V1)1 1 whichinturn imply ! ! !" | which is absurd as ! is a single digit.

This completes the proof.

Remark 1: The following Theorem will show when Kapermark's game is played
for five-digit numbers, then after at most six operations the resulting ! | rather
ends up falling into one of the three disjoint /oops of five-digit numbers shown in
the Theorem. This result, together with the above Theorem 1, and Theorem 3 seen
at the end of article imply that in general when Kapermark's operation is applied
to n-digit numbers, for any fixed n =2, §, 6, 7, ..., then repeated applications of the
operation on randomly selected n-digit numbers eventually lead selected numbers
into a finite number of L, loops, after certain number of operations. Even for the
two and the three-digit versions of Kaperkar’s games (covered in Articles 9&10)
where the target numbers are 495 and 6174 respectively, we can interpret the

singleton sets {495} and {6174} as loops, since both numbers are fixed numbers of
the operation. That is,

L1 4951 4951 .. & ... ! 6174 ! 6174!

Theorem 3 at the end of the article shows that singleton loops occur even in the
six-digit version of Kapermark's game, as two of the three existing /oops.
However, what makes the cases of two and three-digit versions very exceptional is
that in each case you have a single loop that also happened to be a singleton set.

Having said all that; let’s bring the main Theorem of the article, and prove it.

Theorem 2 (Astaneh): Kapermark’s Game for 5 digit Numbers
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at least one digit different form the others, but allow leading zero
numbers suichas N=0bcde,! =00cde, ... n your selection.
Step 2: Arrange your selected five-digit number in ascending order first and
then in descending order to obtain (more likely) two other five-digit
numbers.
Step 3: Subtract the smaller of the five-digit number obtained in the Step 2
from the greater one to obtain a new five-digit number, and call it ! .
Step 4: Repeat the combined operation of Steps 2 and 3 on the five-digit
number!! | to obtained a next new number ! |, and then! | , ...
Then at most after six applications of the operation mentioned in Step 4 above, the
resulting five-digit number ! |, ! I I 11 will fall into one of the following
three disjoint f loops,
M = {61974, 82962,75933, 63954}, N = {62964,71973, 83952, 74943}.
K = {53955, 59994}.
Here, again I am referring to the above three sets as loops, because we let the
arrow | stand for a single operation of the game, but this time applied to five-
digit numbers, then we have the following repeating numerical diagrams,

.1 619741 82962! 759331 63954! 61974! 82962 !
.1 62964!1 719731 82962! 839521 62964! 71973 !

.1 539551 599941 539551 59994 !

Note that, according to what we do in Step 2 of the game, if two five-digit
numbers happen to have the same digits but in different order, then performing the
operation on either of the two numbers will produce the same new five-digit
number. [ have used this fact a /ot of times in the following proof.

Now, to start the proof, I will consider two cases, as Case I and Case 11 below,

Case I: After arranging the digits of your randomly selected five-digit number in
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1111 "then g can be any number g =1, 2, ... , 9. Therefore, by Step 3 of the
rules, after the first operation on! |, the digits of the new five-digit number ! | can
eventually be expressed as follows,

" e-a)t@-e=!""g-g=
" g1 +9L 1" L +91 1" 491 10+(10 - g) . Hence,

y=(g-1)99 9(10—-g), whereg=1,2,...,9. (1)

Since g=1, 2, ..., 9, to make the proof a bot shorter, | wellgeaissume those
numbers in following order,

i) g=1.Thenby(1),!, =09999,! , =89991,! ,=80982,
4! 95931,! , =85932, and!! , ! !"# !" IIIN.
(ii) g =2 or 9. Then by (1), N, = 19998 or 89991. Since these five-digit
numbers have the same digits ! | will be the same for both of them, and

sine 89991 is the same as !, in part (i) above, it follows that
g 1" 1IN,

(iii) g=3 or 8. Then by (1), ! | = 29997 or 79992. Again since both of
these numbers have the same digits, for both ! | I 1"#1$ 1IN

(iv) g=4or7 Thenby (1),!, =39996 or 69993, and again because both
these numbers have the same digits, for both ! | I 1"#1$ 1IN

(v) g=5.Thenby(1),!, =49995,and! , ! !"#ll €K

(vi) g=6.Thenby (1),! , =59994 ! K.

This completes the proof of Case I .

Proof of Case II: Let us now assume that, after arranging the digits of our

with b!l danda<e.Let! =! —! and ! ! | —!.Then! and h can be any
of the numbers 1, 2, ... , 9, with | <! .Therefore, by Step 3 of the rules, after the
first operation on ! , the digits of the new five-digit number N, can eventually be
expressed as follows,



l .= edcba —abcde =

10' (e—a) +10' (d—b) +10(b-d)+(a—e) =10' g+!" 3! —10h -!g=
"4 +10" (0 —!) +9110' +10(9-!)! (10! g!.Hence,

Ni=g'h! 1l 9 9-1)110! g! where!,! =1,2,...,9. (2)

Now we distinguish nine possible cases as follows,
g! h, ! +1 h! 21 +1 h! 4 h! 5/ h! 6,! +!, h! I.

The rest of the proof would be to let ! assume all above nine values in term of h,
and the proof will be shorter if we cover all those cases backwards, so here we
proceed,

(A) ! =! +!.Then (2) impliesN,=(! +!)!'h! 1! 9 (9—h!!2! h!
Now, since h! 8 is a digit between 1 and 9 (inclusive), we can only have
I =1, in which case N, =90981, N, = 97911, N, = 87912, N, = 85932, and
N, =1"#$ IN

(B)! =! + 7. Then (2) implies! =!'h! 7' (0 —=1) 9 9-!)!l —1)
Now, since ! +! is a digit between 1 and 9 (inclusive), we can only have
=172,

(1) Ifh! 1, then! ;=80982. Since this five-digit number is the same

as! 5 in Case I /(i), it follows that! ,=!"#"$ | N.
(i1) If! =1, then N, =91971. Since this number has the same digits as
is the same as ! , in case (A), it follows that! , ! 74943!e!N
(C)! =1 +! Then 2) implies Ny=( +!) (! =1)9 9! h)( —1!).
Since! +! isadigitand 1! h we canonly have! ! !,1 1.
(1) Ifh! 1,then! ;=70983,! ,=94941, N, = 84942, N, = 73953,
and N, = 1"#$% ! M.
(i1) If! =1 then N,=81972. Since this number has the same digits

as is the same as ! 3 in case (A), it follows ! 3! 1"#"'$ leIN
iii) Ifh! 3,then! ;=92961,! ,=86922,! ,=75933, and
N, = 63954 €IM.
(D) g! h! 5 Then(2)implies! ;='h! 5! (h! 1)9( —!)(! h!.
Since h! 5isadigitand! <! wecanonly have ! 11211 1.
() If! ! 1,then! ,=60984, N,=93951, N,=85932,! ,=73953, and
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IN,= 63954 €!M.

(i) If! ! 2, then Ny=71973leIN

(iii) If! =1, then N, = 82962! M.
(v) If! =1, then N, =93951. Since this number is the same as N, in the

case (1) above, it follows that ! 3=73953 | N.

(E)! =! +! . Then (2) implies N,=( +!) (! —=1)9@9! !)(®6! h!.

Since h! 4isadigitand! <! wecanonly have h! 1!2!13!l 1.

(1) Ifh! 1,then! ;=50985,! ,=92961. Since this number is the same as
I, 1in the case (C) /(ii1), it follows that N, = 63954 €!M.

(i) Ifh! 2, then! ;= 6197411 IM

(iii) Ifh! 3,then! ;=72963,! ,=73953,and! 3! 63954! M.

(iv) If! =1, then N,=83952, N, = 74943 €IN.

*+ Ifh! 5, then! ;=94941,! ,=84942, | ;=73953,! = 63954 €!M. !

(F)g! h! 3.Then (2) implies! =!! +!!1 (h=1)9©! h)( —!).

Since h! 3isadigitand! <! wecanonly have h! 112131411 I
@A Ifh! 1,then! ;=40986. Since this five-digit has the same digits as ! ; in
case (D)/(1), it follows that that N, = 63954 €'M.

(i) Ifh! 2,then! ;=51975,! ,=81972,! 5 =85932,! , =74943 ! N.

(iii) If ! =1, then N, = 62964 € N.
(iv) If h = 4, then N,= 73953, N,= 63954 € M.

(v) If ! =5, then N;= 84942. Since this number is the same asN3 in case (C)/(i)
it follows that N3 =63954 € M.

(vi) If h = 6, then N;=95931. Since this has the same digits as N, in the
case (D) /(1), it follows that N4, = 63954 € M.

(G) g = h+ 2. Then (2) implies Ny=(h+2) (h—1)9 (9 — h) (8 — h).
! )




Since h! 2 isadigitand 1 < h we canonly have h=1,2,3,4,5,6,7.
(1) If h =1, then N;=30987. Since this number has the same digits as N
in case (C) /(1), it follows that N5 = 63954 € M.
*., Ifh =2, then Ny= 41976, N,= 82962 € M. !

*..., If h =3, then N;=52965, N,=70983. Since this number has the same
digits as N4 in (1) above, it follows that Ng = 63954 € M. !

(iv) If h = 4, then N,= 63954 € M.
(v) If h =5, then Ny=74943 ¢ N
(vi) If h = 6, then N,= 85932, and N,=74943 € N.

(vii) If h = 7, then N;=96921. Since this number has the same digits as N, in
the case (E) /(1), it follows that N, = 73954 € M.

(H) g = h + 1. Then (2) implies Ny4= (h+ 1) (h—1)9 (9 — h) (9 — h).

Since h + 1 is a digitand 1 < h we can only have h = 1, 2,...,8.
(i) If h = 1, then N;= 20988. Since this five-digit number has the same
digits as N3 in Case 1 /(1), it follows that N, =74943 € N.

(ii) If h = 2, then N;= 31977, and N, = 83952 e N. !
(111) If h = 3, then N;= 42966, and N, = 71943 € N.
(V) Ifh! 4,then Ny=53955! K.

(v) If h = 5, then N, = 64944, N, = 51975. Since this number

is the same as ! ; in the case (F) /(i1) , it follows that ! 4 =74943 ! N.
(vi) If! =6, then! ;=75933! M,
(vii) If! =1 then N, = 86922, and N,= 75933 €!M,

(vii1) If R ! 8, then! ;=97911. Since this number is the same as ! ; in the
case (B) /(i1) , it follows that N, = 74943 €!N.



(K)! I' h.Then (2) implies! ;=! (h! 1)9( —h)(" —1!).

Since hisadigitand 1! h we can have ! 1121.1.1.
@A) If h =", then N, = 10989. Since this number has the same
digits as ! 1 in case (A), it follows that ! s =74943 I N. .
(i) If ! =1, then N;=21978. Since this number has the same digits as
I' 1 in the case (C) /(i1), it follows that ! 3 =74943 | N.
(111) If ! =1, then N, =32967, N, = 73953, and N, = 63954 €'M.
(iv) Ifh! 4,then! {=43956,and! , =61974! M.

(v) If! =5 then! ;=54945,! ,=50985. Since this number is the same as
I' 1 in case (E)/ (1), it follows that and ! ¢ = 63964 ! M.

(vi) If ! =1, then N, = 65934. Since this number has the same digits as
N, in case (1v) above, it follows that N, = 61974 € M.
(vit) If ! I 1 then! ,=76923 and ! , = 73953, and ! , = 63954 ! IM.
I(viil) If ! =1, then N, =87912,!! |, =97911. Since this number has the same
digits as ! | in the case (H) /(viii) , it follows that ! |, =74943 | IN.
(ix) If!t ! ! then! ,=98901. Since this number has the same digits as
I', in the case (A) it follows that ! | = 74943 | IN.

Since we have covered all possible cases! ! ! I vt F bt b b1 1)
reronmrr ottt b the proof of Case 11 is also complete.

A close study of the proof for the above Theorem 2 implies the following
Corollary, which in turn implies a lookalike “Game of 61974” to Kaperkar’s
popular “Game of 6174”, to appear in the next Article 12 of the website.

Corollary: Consider all ordered pairs (! ,! ) of numbers,! ! | with
e e e

(DM If(,!)1is any of the ordered pairs
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(1) = (0, (10, (0, (0, (50, (50, (L0, 0L, (LD,
(10 (10, (0, (0, (0, (L0, L0, 0L, ¢, ),
(6,7, (6,1), (1,1), (1), (10,

then any five-digit number of the form ! 't I 111 @V 11 (10! !), or

any five-digit number obtained by permuting digits of such a five-digit
number will be directed into the loop M = {61974, 82962,75933, 63954}, at

most after six applications of Kaperkar’s operation.

(1) Ifinstead (! ,! ) is any of the ordered pairs
(1) =(0,1),(0,1), (0,1), (0,1), (0,1), (0,1), (0,1), (L,1), (1,1), (1,1),
(D), (2,1), (2,1), (2,1), (2,1), (2,1), (1,9), 3.4), (3,6), (1 ,8),
(,6), (1,7),(6,8) (!.8), (1,9), (1,9),

then any five-digit number of the form! (! —!)! (9! h! (10! g),or

any five-digit number obtained by permuting digits of such a five-digit
number will be directed into the loop N = {62964,71973, 83952, 74943}.

(III) The two numbers 49995 and 559385, or any five-digit numbers obtained
by permuting digits of these two numbers, don’t fit the pattern of the
numbers listed in Parts (I) or (IT) above. Any such five digit numbers will

be directed into the loop K = {53955, 59994} by a single operation.

Remark: The reader (following the proof of Theorem 2) might have observed that
all five-digit numbers described in above corollary are already each an ! for some
randomly selected five-digit number ! . That is, each single of them have already
been obtained after a single Kaperka’s operation on some randomly selected
number(s).

I close this article by stating the following Theorem 3, and it’s a related Exercise to
follow. Unless (unlike myself!) you are a computer programmer, the



logical/arithmetic proof of this last Theorem would be very long, tedious, and will
be about ten page long. So, I prefer to I bring the Theorem without the Proof.

Theorem 3: (Astaneh, September 28, 2020) (a) Show that U={549945} and
V={631764} are singleton loops for the six-digit version of Kaperkar’s game.

(b) Show that the only other existing /oop for the six-digit version of the
Kaperkar’s game is

W={851742, 750843, 840852, 860832, 862632, 642654, 420876} .
Exercise: (On Theorem 3)

(a) Show that the last entry into the loop U={549945} by a six-digit number
through a single operation will happen if and only if the six-digit number (in
the ascending order of its digit) is of the form

aa! 1INV where! ! =0,1,2,3,4.
Show that there are only15 such six-digit numbers in ascending order, but
altogether there will be 255 six-digit numbers in any order that will enter the
loop {549945} through a single operation.

(b) Show that the last entry into the loop V={631764} by a six-digit number

through a single operation will happen if and only if the six-digit number (in

ascending order of digits) is of form,
[ /2 N O O O T O O O

where! =0,1,2,3,4;b=0,1,2,3,4,5,6;! =0,1,2,3,4,5,6, 7.

Show that altogether there are will be 52,700 six-digit numbers in any order

that will enter the loop {631764} through by a single operation.

The second part of the above Exercise has the following implication.

Lemma: Chose any six-digit number with an ascending order of digits of the
form
abe(ct2)(b+3)(at6),
with a=0,1,2,3,4;b=0,1,2,3,4,5;¢=0,1,2,3,4, 5. 6; and allow leading
zero numbers such as 012446 in your selection. For any such number we have,
(at6)(b+3)(ct2)cba-abec(ct2) (bt+t3)(a+6) =631764.

So that, as for our previously seen leading zero number we expect to have
644210 - 012446 = 631764 (not a surprise!).
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Indeed, relations such as the one displayed in the Lemma abound (another one is
implied from part (a) of the above Exercise), however what makes the relation in
above Lemma is one special is that {631764} is one of the two singleton (see
Theorem 3 in Article 11

Therefore, the above Lemma implies the exact six-digit numbers that meet “the
target” 631764 through a single operation.

Mind you, the reader could use simple secondary level combinatorics to show that
52,700 six-digit numbers hit the target 631764 through a single operation. That
means the total number possible (three kinds of ) permutations of the six-digit
numbers described in the Lemma is

abe(ct2)(b+3)(at6)
described in the Lemma 1s 52,700.




