Al Astaneh

Ali Astaneh teaches at Prince of Wales Secondary School in Vancouver.

A “Locus” Theorem and Its Applications

It is a well known fact in elementary geometry that, when a line segment AB
is given on the plane, the locus of all points P such that ZAPB = 90° is the
circle with diameter AB, excluding the end points of this diameter. The main
objective of this article is to extend this fact to the general case, when the
angle 6=90° is replaced by any angle 0°< 6 < 180°.

Theorem 1 below shows that for any choice of 0°< 6 < 90°: (a) the locus of
all points P on the plane such that ZAPB=0, is a symmetric “8—shape”
curve formed by the union of the exterior parts of two identical intersecting
circles, with AB as their common chord; and (b) the locus of all points Q
such that ZAQB =180°— 0 is the “fish-like” curve, formed by the union of
the interior parts of the same identical circles described in part (a). (See
figure 1.) As when 8=90°, in both cases (a) and (b) the locus will exclude
the end points of the chord AB.

In discovering Theorem 1, I first used Geometer s Sketchpad. However, once
I was convinced of the validity of the results, it was only a matter of time to
lay out the algebra.

Theorem 1( Zahra) Let A(x,,y,) and B(x,,y,) be two points on the plane,

and let 0° < 6 < 90° be any pre-assigned angle. Let M (m,n)be the midpoint,

and s the slope of the segment AB. Then the following statements are true.

(a) The locus of all points Pon the plane for which ZAPB =6, is the “8— _
shape™ curve formed by the exterior parts of the two identical circles (See figure vn next paye)
with equations

(x—=u) +(y-v)' = L d*csc?e, (1)
where d is the distance from A to B, and the coordinates of the centers
CAu,v,), i=1, 2 of the two circles are given by
sdcotf N sdcot 6
U =m-— —FpF—— U, =m-+ ————
' 21+ ? 241+ 52 -
dcot 6 dcot @

V, =0+ ——— V, = — ———
I 2 =
241+ 5* 241+ s°
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Figure 1.

(b) For any 90° < @ < 180, the locus of all points Q on the plane for which
ZAQB =, is the “fish-shape” curve formed by the union of the interior
parts of the same two identical circles described by equations
(x=u) +(y-v) = + d’csc’8,
where 6=180°-w.

Proof : (a) Let the point P on the plane satisfy ZAPB = 6. Without loss of
generality, we can assume that A(-p,0), and B(p,0), where p is a positive
real number. Then d=2p, m=0, s=0, u,=0, and v,=%p coth.
Therefore, equation (1) will read as follows.

x>+ (y+ pcotd)’ = p*esc’ B (3)
To show that the locus of P is the exterior union of the circles defined by (1),

we first use the Sine Law in the triangle APB, and then use the right triangle
ABH shown in figure 1 to substitute sin ZABP =sinZPBH as follows.

2p AP AP AP _ AP-PB
sin@ sinZABP sin/PBH PH/PB  PH

Therefore AP-PB=2p-PH -cscO. If we now square both sides of this
equation, and then use the distance formula for AP, PB, and PH, we get
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[(x+p)*+ Y ll(x = p)* +y’]
=4p *y’csc’@ =4p*y*(1+cot0 )
= 4pzy2 +4p2yzcot29

Thus
[(x+p)? + " (x=p)’ +y'] —4p 2y = 4p*yicot®d. ()

The left hand side of this equation amounts to

[(x+p)’ +y 1x=p)* +y°] —4p 2y
= [x*+y*+p? +2px][x +y + p’—2px] —4p*y?
=[x +y*+p*)' = 4p’x*] —4p’y?
= (x*+y*+p) = 4p (x* +y?)
= (£ +y2 _ pz)z'
If we now substitute this complete square for the left hand side of (4) we get
(*+y*=p*)= 4p’y*cot’ 8.
Therefore, we have
x*+y’—p’ = +2pycoth.
This equation can be written as follows.
x*+y?£2pycotf+ pieot’ O = p* + pPcot’f= p*(1 +cot’6)
Thus we get
x*+(y+ pcoth)’ = piesc?6.
Since 6 is an obtuse angle, only the exterior parts of the two circles (with the
two corner points A and B removed) will form the locus.

(B) Since cscw = csc(180°—0) =csc O, cotw = cot(180°— ) = —cot @, and
since 6 is an acute angle, the proof of this part follows from part (a)
immediately.

The following is an application of Theorem 1, which later will be extended
to a more general case as Theorem 2.

Example 1: Given the line L:y= V3x, and the two points A(-4,0), and
B(8,0), show that there are four points P, P,, O, and 0, on L such that

ZARB = ZAP,B=60°, and ZAQ,B= ZAQ,B =180° - 60° = 120°.

To obtain the required points on L it is enough to find the points of the
intersections of the “8— shape™ and the “fish-like” shape described by
equation (1) above, with the lines y = \@x. To this end, we will first
substitute y = 3x in (1) and solve the resulting equation for x. In the
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present case, M(m,n)=(2, 0), s=0, d =12, and the two options for
C(u,v,) are C(2, -24/3) and C(2, 24/3 ).

For the selection C(fi, 2243 ) of C(u,v), the equation
(x—u) +(y-v)' = +d’csc’0

will be reduced to 4x° + 8x —32 =0, with solutions x =—4, 2. Therefore,
we obtain two points P,(—4,—4+/3) and Q,(2,2+/3)on the line y =~/3x. Itis
now routine to use the Cosine Law to show that, indeed, ZAF,B = 60° and
ZAQB=180°-60°=120°.

The second selection C(2, 2+/3 Yof C(u,v) will lead to 4x*—16x—32=0,
a specific form of equation (1) with solutions x =2+ NER Therefore, we
obtain another pair of points P, ( 2 +2«/§, 23 +6 ) and
g( 2— 243, 243-6 ) on L satisfying the same conditions ZAP,B = 60°
and ZAQ,B=180°-60°=120°.

The following theorem is a more general application of Theorem1. It shows
that given any two points A(x,,y,), B(x,,y,), and a pre-assigned angle
0°< 6<90°, as long as a continuous curve y = f(x) intersects the line
segment AB at an interior point, the four points with the same conditions as
in Examplel exist.

Theorem 2 Let A(x,,y,) and B(x,,y,) be two given points on a line I'with
equation I": y =sx +r.Let 0°< 6 <90° be an arbitrary angle and y = f(x)
a continuous function over the real number line. If for some x, <c < x,,
f(c)=sc+ r (that is, if the curve y = f(x) intersects the line I" between
the points A and B), then there will exist at least four points £, P,, ¢, and (O,
on the curve y = f(x) such that :

ZAPB=/AP,B=06°,and ZAQB= ZAQ,B=w=180°-6°.

Proof: As in the proof of Theorem 1 we will assume, without loss of generality,
that A and B have coordinates A(-p,0) and B(p,0), where p is a positive real
number. Then, by assumption, for some number ¢ with—p <c < p we will
have f(c)=0.Let C be the greatest number satisfying ¢<C<p
and f(C)=0. Then, by the Intermediate Value Theorem for all C < x < p,
f(x) will have the same sign. We assume, without loss of generality, that this
sign is positive. Therefore for all C<x < p, f(x)>0.

We next consider the two circles defined in Theorem 1:
x> +(y* pcoth)’ = piesci @, (5)
and then define two new continuous functions g;, i=1, 2 as follows.

g(X)=x"+[f(x)+(=D'pcotd) - p’esc’h,  i=1 2.

Since |C| < p it follows that for i=1, 2
g.(C)=C*+[pcot 8]’ — p*csc’ @ < p* +[pcot ) — p’cse’ 6=0.
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That is, for both i=1, 2, g(C) <O0.

On the other hand, if we choose a number D large enough so that D> pcsc6,
then for i=1, 2 7
g.(D)=D* +[f(d)+ (1) pcot O] — p’csc’@ > p* — p*csc’ 6> 0.

Next, since for i=1, 2, g,(C)<0< g,(D), and since each g, is continuous
over the interval [C, D], by the Intermediate Value Theorem, there exist
c<t<d,i=1, 2 suchthat g/(z,)=0. Thereforem, from the definitions of
the g,’s,

12 +1f ()~ pcotf) = p’esc’ @
> +[f(t,)+ pcotff = p*csc’ 6.

Thus, since both f(#) and f(z,)are positive, by Theorem 1 the points
P(1,f(1)) and Q(t,, f(t,))satisfy LZAPB=6°, ZAQB=180°-6°.

Similarly, by considering the least number¢ satisfying —p<é&<c
and f (&) = 0 and reconsidering the continuous functions g, over an interval
[8,£], where & < —pcsc @ we find two other points P (1, £(1,)) O (1,, £(1,))
satisfying ZAP B=0°,ZAQ B =180°- 6°, and the proof is complete.

Remark 1 Note that the conclusion of Theorem 2 is still valid if the domain
of the continuous function y = f(x) is restricted to any interval / containing
the open interval(u—4%cscf, U +4csc),where u=min{u,u,}and
U =max{u,u,}.
Example 2 Let A(—1,0), B(,0), y = x’, and let 6 = 45° be the pre-assigned
angle. Then equations (5) above, with y = x?, will read as follows:

X'+ xttx’-1=0,
The first of these equations is simplified into x* — <=0 with only the two
solutions x = i%. It is now routine to use The Cosine Law and see that the
points (- =5,3)and Py(5,3) on the parabola y = x” satisfy
ZAPB= ZAP,B=45°.

The second equation is simplified to x* +2x*—1=0 with the only two

solutions x = i\/(«/g —2)/2 . Therefore the points Q, - (‘[5;2’, ﬁ;_) )and
OB S5y qatisfy ZAQB = LAQ,B=180°-45°=135°,

It should be noted that, under the conditions of Theorem 2, two is the least
number of P’s and also the Jeast number of Qs that will exist with conditions
ZAPB=0°,and LZAQB=180°-6°.

However, any other number greater than two, for the number of P’s or the
number of O’s can occur. In the following example, three P’s and four Q’s
are present.

Example 3 Let A(—/3,0), B(~/3,0), and y = ax® —3-2+/3 where ais any
number satisfying a > (3+2\/§)/3. (This condition guarantees that the
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parabola will intersect the segment AB at two interior points.) Let 8 = 30°
be the pre-assigned angle. Then equation (5) in the proof of Theorem 2, with
y =ax’—3-2+/3, will read as follows:

x? +[ax? —3-24/31 £ 6[ax’ - 3-24/3]-3=0.
The second of these equations is simplified into a’x* + (1— 4+/3a)x> = 0.

Y=+ v4/3a-1
- d

This equation has three solutions: x =0 and . It is now routine

to use'The Cosine Law to see that the corresponding points £,(0,—3— 2\/3_),
gl of5 5 1y and 08 205 3 2 ) on the
parabola satisfy
ZAPB=30°, and ZAQB=ZAQ,B=180°-30°=150°.
The first of the above equations is simplified into
a’x* +[1-12a—4+/3a]x* +24+/3 + 36 = 0.

As we now, on one hand, have a choice to select a specific value for a, and
on the other hand, we would like to have manageable numbers for the four
solutions of this equation, we will select a in such a way that two of the
solutions_would become x==I. One such possible value is
a=6+2+3—+/11, for which the equation decomposes into

(x+D)(x=D[a’x* = 4(9+6+/3)]=0.

sz 209+ 643

*1, Xy X, =t —m———————
M 6+2+/3 —/11

are the four solutions of the equation.

Using notation f{x)= (6+2+/3 - «/ﬁ) x*=3-2+/3 for the defining
equation of the parabola, it will be left as an exercise to show that the first
pair of corresponding points on the parabola Q', (-1, f(-1)) and Q',(1,f(1))
will be O points in the sense that

ZAQ' |\ B= /A0, B=180°-30°=150°,
whereas the other pair P',(x,,f(x))) and P',(x,,f(x,)) are P points; that
is ZAP',|B=ZAP', B=30°.

Therefore,

The following i1s an immediate consequence of Theorem 2.

Corollary Let A(x,,y)) and B(x,,y,) be two given points on the plane, and
let 0°< 6<90° be an arbitrary angle. Let y = f(x) be continuous over the
real number line, and let f(x)separate the two points A and B; that is,
[y, = f ()Y, = f(x,)]1<0. Then there exist four points P, P,, O, and Q,
on the curve y = f(x) such that

ZAPB=/AP,B=6° and ZAQB=/AQ,B=w=180°-6°.
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Proof: As before we can assume, without loss of generality, that A and B have
coordinates A(—p,0) and B(p,0), where p is a positive real number. Since by
assumption f(—p)f(p)=[-f(=p)ll-f(p)]<0,andfis continuous over the
interval [-p, p], the Intermediate Value Theorem implies that for some number
cwith-p<c<p, f(c)=0.The conclusion of the Corollary now follows from
Theorem 2. Example 1 gives a good clarification of the situation considered
in the above Corollary.

Remark 2 Given A(x,,y,), B(x,,y,),0°<8<90° andacurve y = f(x), even
if the curve doesn’t intersect the segment AB, there may still be a possibility
for the existence of P’sor Q’s onthe curve y = f(x), satisfying ZAPB = 6°
or ZAQB =180°— 6°, respectively. For a given angle 0°< 8< 180°, a restudy
of figure 1 shows that, as long as a curve y= f(x) enters (or touches the
boundary of) the “Eight Shape,” existence of a P is certain. If, however, the
curve enters (or touches the boundary of) the “Fish Shape,” at least one P
and one Q will exist. When y = f(x) represents a line L:y=ax+b , this
property can be translated mathematically in terms of the distances

3 iv,. —au, —bl

from the two centers C,(u,v;), i=1, 2 and the line L.

I have provided a detailed algebraic proof for the following, otherwise
geometrically obvious, Proposition. I have also provided examples for each
of the six cases of the Proposition..

Proposition Let L:y=ax+b be a given line, and assume that two points
A(x,,y,) and B(x,,y,) are both on the same side of the line L. Let 6 be an
acute angle, be a given angle, and subsequently let C,(u,,v,), i=1, 2 be the
centers of the identical circles as defined in Theorem1. And finally, let D,
i =1, 2 be the distance between C,(u;,v;)and the line, as defined above. Then
the following cases are distinguished.

Case (i): D,< D, <% dcscb.

Then there are four points P, Q, i=1,2 such that ZARB=/ZAP,B=6,
and the other two points Q,, i =1, 2 will satisfy either ZAQB= ZAQ,B=60,
or else ZAP,B=/ZAQ,B=180°-6.

Case (ii): D,< D,= +d cscé.

Then there are at least two, or at most three P.’s on L satisfying ZAPB =0 .
In this case there will not exist any point Q on L satisfying ZAQB =180°-6 .
Cases (iii) & (iv): D,=D,= +d cscO or D, < 3d cscf< D,

Then there are exactly two P.’s on L satisfying ZAPB=6 ,andno Q on L
satisfying ZAQB =180°-0 .

Case (v): +d csc0=D, <D,

Then there is a unique P on L satisfying ZAPB = 6 ,butno Q on L satisfying
ZAQB=180°-0 .
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Case (vi): 5d cscO< D, <D,
Then there is no P or Q on L satisfying ZAPB=0 , or ZAQB =180° - 6.

Remark 3 1 would like to close this article by pointing out that the results
obtained here can be extended to the three dimensional case. For example,
the three dimensional version of Theorem [ can be proved as follows.

Theorem 1* Let A(x,,y,,z;) and B(x,,y,,2,) be two given points in three
dimensional space, and let 0°< 6 < 90° be a given angle. Consider the plane
7 passing through the points A, B, and the origin O. Let E be the ““8— shape”
locus of all points P on 7 such that ZAPB = 6, and F the “fish-shape” locus
of all points Q on 7 such that LZAQB=180°-6. Then
(a) The locus of all points P in the space such that ZAPB = 0 is the three
dimensional surface generated by rotating E about the line segment AB.
(b) The locus of all points Q in the space such that ZAQB =180°— 8 is the
three dimensional surface generated by rotating F about the line segment
AB.
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world Ls Lts oomprehewsubbuta

Albert Elnstelin
(1£79-1955)

Summer 2003 cE



