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A "Locus" Theorem and lts Applications
It is a well known fact in elementary gsometry that, when a line segment AB
is given on the plane, the locus of all points P such that -/ApB = 90" is the
circle with diameter AB, excluding the end points of this diameter. The main
objective of this article is to extend this fact to the general case, when the
angle 0 = 90o is replaced by any angle 0o < 0 < I 80o.

Theorem I below shows that for any choice of 0o < 0 < 90o: (a) the locus of
all points P on the plane such that zAPB = 0, is a symmetric "g-shape,'
curve formed by the union of the exterior parts of two identical intersecting
circles, with AB as their common chord; and (b) the rocus of all points e
such that IAQB = 180o- 0 is the "fish-like" curve, formed by the union of
the interior parts of the same identical circles described in part (a.). (see
figure l.) As when I = 90o, in both cases (a) and (b) rhe rocus will exclude
the end points of the chord AB.

In discovering Theorem l, I first used Geometer's Sketchpad.However, once
I was convinced of the validity of the results, it was only a matter of time to
lay out the algebra.

Theorem l( Zahra) Let A(x,y,) and B(xr,)z) be two points on the plane,
and let 0" < 0 < 90o be any pre-assigned angle. Let M(m,n)be the midpoint,
and s the slope of the segment AB. Then the following statements are true.
(a) The locus of all points Pon the plane for which ZAPB = 0, is the '.8-

shape" curve formed by the exterior parts of the two identical circles (sezlr,Sttrre L\y1 rlexiyctuSe)
with equations

(*-u,)'+(y-v)2= !d2csc20, (1)

where d is the distance from A to B, and the coordinates of the centers
C,(u,,v,) , i = l, 2 of the two circles are given by

sdcot0
U,=m ------' 2Jl+s'

dcot0v,=n+-----' 2.,/l + r'

sdcot 6 Iut=rn+----I- z;/t +;' i e)dcot0 Ivz= ft ---- I
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Figure 1.

(b) For any 90o < @<180, the locus of all points Q on the plane for which
/AQB = (D, is the "fish*shape" curve formed by the union of the interior
parts of the same two identical circles described by equations

7x - u,)2 + (y - v;)2 = ! d2 cscz 0,
where 0=180o-ar.

Proof : (a) Let the point P on the plane satisfy ZAPB = 0. Without loss of
generality, we can assume that A(-p,0), and B(p,0), wherep is apositive
real number. Then d=Zp, m=A, s= 0 , ui=0, and vi=Xp cot}.
Therefore, equation (1) will read as follows.

x'+(y+pcot?)z- p'csc'? (3)

To show that the locus of P is the exterior union of the circles defined by ( 1),
we first use the Sine Law in the triangle APB, and then use the right triangle
AB)LI shown in figure 1 to substitute stn/ABP = sinZPBH as follows.

2p AP

sin0 sinZABP

AP AP.PB
sinZPBH PH IPB PH

Therefore AP.PB-2p-PH .csc9. If we now square both sides of this
equation, and then use the distance formula for AP, PB, and PH, we get

AP
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[(x+ p)' *y'][(, - p)'+y']
= 4p'y'csczo = 4p2y2(l +cot2g )

- 4p'y'+4p2y2cot20

Thus

[(x+ p)' +y2][(.r - p)2 +y'] -4p'y'= 4p2y2cot20. (4)

The left hand side of this equarion amounts to

[(x+ p)' + yzlle- p)' + y'] - 4p ry,

= l.*' + y' + pz +Zpxllx, * y, * p, -Zpxl _ 4p ry.

=lG, +y, + pr), _4pr*r) _4pry,

= (r' + y' + p')'- 4p21x2 +yzy

= (*, + y, _ pr)r.

If we now substitute this complete square for the left hand side of (4) we get

(*' + y'- p' )'= 4p'y'cot'e.
Therefore, we have

x'+ y'- p' = +Zpycot7.
This equation can be written as follows.

*'+y'+Zpycotl+ p'cot'0= p2 + p1cotz0= prll +cot20)
Thus we get

x' + (y + p cot0)2 - p' csc' 0.

since 0 is an obtuse angle, only the exterior parts of the two circles (with the
two corner points A and B removed) will form the locus.

(6) Since cscrD= csc(l80o- 0) = csc0, cotal= cot(l80.- 0) = -cot 0, and
since 0 is an acute angle, the proof of this part foilows from part (a)
immediately.

The following is an application of rheorem l, which later will be extended
to a more general case as Theorem 2.

Example 1.'Given the line L:y=JJx, and the two pointsA(-4,0), and
B(8,0), show that there are four points P,,Pr, Q,and Q on I such that

ZAPTB = ZAPzB = 60o, andZAQB = /AQtB = 180o- 60" = 120o.

To obtain the required points on L it is enough to find the points of the
intersections of the "8- shape" and the ' fish-like" shape described by
equation (l) above, with the lincs y = 43x. To this end, we will first
substitute y=43x in (l) and solve the resultingequation forx.In the
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present case, M(m,n)=(Z,0), s= 0, d_= 12, and the two options for
C(u,,v,) are C(2, -2'J3) and C(2,2^!3).

For the selection C.(2, -2Ji ) of C(u,v), the equation

1x*u)z +()-v,)2= * d2cscz0

will be reduced to 4x? +8.r* 32=0, with solutions x: -4,2.Therefore,
weobtain twopoints Pt(4,4Ji) and QQ,ZJJ)on the line y = fix. It is
now routine to use the Cosine Law to show that, indeed, LqnB = 60o and

ZA/B = 180"- 60o = 120o.

The second selection C(2,2J1)of C(z,v) will lead to 4x2 -l6x-32=0,
a specific form of equation (l) with solutions x=2flJ1. Therefore, we

obtain another pair of points Pr( Z +2J1, 2J5 + 6 1 and

8( Z-2J1, ZJi -O ) onLsatisfyingthe same conditions /APzB = 60"
and ZAQB = 180o- 60o = 120o.

The following theorem is a more general application of Theoreml. It shows

that given any two points A(x,y,), B(x,y), and a pre-assigned angle

0"<0<90", as long as a continuous curve y= f (x) intersects the line
segment AB at an interior point, the four points with the same conditions as

in Examplel exist.

Theorem 2 Let A(x,,y,) and B(x,y2) be two given points on a line I-with
equation I-:y = sx+ r. Let 0o< 0< 90o be an arbitrary angle and y = f (x)
a continuous function over the real number line. If for some xt < c < xz,

f (c)= sc + r (that is, if the curve y = f (x) intersects the line I- between

the points A and B), then there will exist at least four points Pt, P2, q, and Q,
on the curve y = f(x) such that

AP:B = ZAPzB= 0", and ZA%B = ZAQzB = (t) = 180"- 0o.

Proof: As in the proof of Theorem 1 we will assume, without loss of generality,

thatA and B have coordinates A(-p,0) and B(p,0), where p is a positrve real

number. Then, by assumption, for some number c with-p < c < p we will
have /(c) = 0.Let C be the greatest number satisfying c < C < p
and /(C) = 0. Then, by the Intermediate Value Theorem for all C < * < p,

f(x) will have the same sign. We assume, without loss of generality, that this

sign is positive. Therefore forall C< x< p, f (x)>0.

We next consider the two circles defined in Theorem l:

x2+(-v + p cot?)? * p'csct 0, (5)

and then define two new continuous functions 9,, i=1,2 as foliows.

g,(-x): .r? + [/ix) + (- l)'p cotg]2 * p' csc' 0, i = l, 2.

Since lCl < p it follows that for i = l, 2
g,(C)= C? +[pcot a]t - ptcsc'g < p'+[pcot0]2 - p'csc' g=0.
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That is, for both i = 1, 2, g,(C) < 0.

Ontheotherhand, if we choose a numberD large enough so that D > pcsc0,
then for i=1,2

g,(D)=D'z+lf (d)+(-l)ipcot 012 - pzcsc'e > p'- p'csc' 0>0.

Next, since for i = 7, 2, g,(C) < 0. g,(D), and since each g, is continuous
over the interval IC, Dl, by the Intermediate Value Theorem, there exist
c 1t,( d, i= l, 2 such that g,(t,) = 0. Thereforem, from the definitions of
the g,'s,

t,2 +lf (t,)- p cot0)2 - p'csc'0
trz +lf (tr) + p cot?l2 = p2 csc2 0 .

Thus, since both f (t,) and f (tr)are positive, by Theorem 1 the points
P(t,, f (t,)) and QQ, f (rr))satisfy IAPB = 0" , ZAQB = 180" - 0".

Similarly, by considering the least number( satisfying -p<(<c
and f (0 = 0 and reconsidering the continuous functions gi over an interval

[6,{],where 6 <-pcsc) we findtwootherpoints P (r,f (rr))2$r,f (rr))
satisfying ZAP' B = 0", IAQB= 180"* go, and the proof is complete.

Remark 1 Note that the conclusion of Theorem 2 is still valid if the domain
of the continuous function y = f (x) is restricted to any interval l containing
the open interval (u- $csc0 , (J + {csc0),where tr = min{%, ur) and
U =maxl:/1,uz\.

Example 2 Let A(-+,0), B(+,0), y = x2, and let A = 45" be the pre-assigned

angle. Then equations (5) above, with y = .r2, will read as follows:

xr+ro*x2-i=0.
The first of these equations is simplified into ,u - + = 0 with only the two
solutions x = +*. It is now routine to use The Cosine Law and see that the

points4(-#,+)urdPr(#,tr) on the parabola y= x2 satisfy
IAP,B=lAPzB=45".

The second equation is simplified to x' +2x2 -*=0 . with the only two

sotutions * = r^@ - zW, Thcrefore the points 0,(-J!#. I )and

Or(^P, @? I sarisfy L-488 = IAQ.B = I 80o - 45o = 135o .

It should be noted that, under the conditions of Theorem 2, two is the least

number of P's and also the least number of Q's that will exist with conditions

lAPB = 0o, and ZAQB = 180"- 0".

However, any other number greater than two, for the number of P's or the

number of Q's can occur. In the following example, three P's and four p's
are present.

Example 3Let A(*^,t1,0), B(J3,0), and y = axz -3-z\ry where a is any

numbir sarisfying a> (3+ZJ1) /3. (This condition guarantees that the
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parabola will intersect the segment AB at two interior points.) Let g = 30o
be the pre-assigned angle. Then equation (5) in the proof of rheorem 2, with
J = ax'- 3-243. will read as follows:

x' + lax' - 3 - 2"111' + 6lax2 * 3 - zJa)- 3 = 0.

simplified into a2 xa + Q- a"ulla)x2 = O.

x = o and , = t9. It is now routine

the corresponding points f](0,-:- 2^[t,

The second of these equations is

This equation has three solutions:

to use'The Cosine Law to see that

-
O,eY:d. 2-,13 - 3- + ),
parabola satisfy

and Or(q:, zJa-r-i I on rhe

ZAPB = 30o, and ZAQB = ZAQzB = 180" - 30o = 150".

The first of the above equations is simplified into

?' *o * 11 - t2a - 4Jjdx' + z+^l-l+ 36 = 0.

As we now, on one hand, have a choice to select a specific value for a, and
on the other hand, we would like to have manageable numbers for the four
solutions of this equation, we will select a in such a way that two of the
solutions would become x = *1. One such possible value is
a = 6 + 2Jj - Jt t , to. which the equarion decomposei into

(x + 1)(x - t)la2 x2 - 4(9 + OJJ)I = o.

Therefore,

-

z^lg + d^llx=tl, Xrrxt = ! 6+zJl- d I

are the four solutions of the equation.

Using notation ,f {x)= (6+2""8-Jt tl x'-3-ZJi for rhe defining
equation of the parabola, it will be left as an exercise to show that the first
pairof correspondingpoints on theparabola Q',t_l.f (-l)) and Q' r0,f Q))
will be Q points in the sense that

ZAQ'tB= /AQ'zB= l80o- 30o= 150",

whereas the other pair P', (;r,,/(x,)) and P'r(x,f (xr)) are P points; that
is lAP',8 = Z.AP'zB = 30o.

The following is an immediate consequence of Theorem 2.

Corollary Let A(x,,y,) and B(x,,)r) be two given points on the plane, and
let 0"< 0<90" be an arbitrary angle. Let y = f (x) be continuous over the
real number line, and let/(x)separate the two points A and B; that is,

[y, -,f (r,)][y=- f (*r))< 0. Then there exist four points P,,Pr, Q,,and Q,
on the curve ,y = f (x) such that

AP,B = IAPzB = 0", and ZAQB = IAQ.B = (t) = 180' - 0" .
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Proofz As before we can assume, without loss of generality, thatA and B have
coordinates A(- p,0) and B(p,0), where p is a positive real number. Since by
assumption f (-p)f (p)=l-f (-p)lt-f @)l< 0,and/iscontinuousoverthe
interval l-p, pl,the Intermediate Value Theorem implies that for some number
c with -p < c < p, f( c ) =O.The conclusion of the Corollary now follows from
Theorem 2. Example I gives a good clarification of the situation considered
in the above Corollary.

Remark 2 Given A(x,,y1), B(xr,yr),0" < 0 < 90o, and a curve y = f (x), even
if the curve doesn't intersect the segment AB, there may still be a possibility
for the existence of P's or Q's on the curve y = f (x), satisfying ZAPB = 0"
or ZAQB = 180" - 9o, respectively. For a given angle 0o< I < 180o, a restudy
of figure 1 shows that, as long as a curve y : f (x) enters (or touches the
boundary of) the "Eight Shape," existence of a P is certain. If, however, the
curve enters (or touches the boundary of) the "Fish Shape," at least one P
andone Qwill exist.When y= f (x) represents aline L: l=ax+b, this
property can be translated mathematically in terms of the distances

l, -o, -bln_lIIlU:-' 
^ll+ a'

from the two centers C,('u,,v,), i=1,2 and the lineL.

I have provided a detailed algebraic proof for the following, otherwise
geometrically obvious, Proposition. I have also provided examples for each

of the six cases of the Proposition..

Proposition Let L: ! = ax + b be a given line, and assume that two points
A(x,,y,) and B(x,yr) are both on the same side of the line L.Lel0be an

acute angle, be a given angle, and subsequently let C,(u,,v ,) , i = l, 2 be the

centers of the identical circles as defined in Theoreml. And finally, lel D,,

i =1, 2 be the distance between C,(u,,v,)andthe line, as defined above. Then

the following cases are distinguished.

Case (i): D,a Dr<\ dcsc?.
Then there are fourpoints P,, Q,, i=I,Z such that ZAPrB=ZAPzB=0,
and the other two points Q,, i = 1, 2 will satisfy either /-qQB = ZAQzB = 0 ,

or else IAP.B = lAQ.rB = 180'- 0 .

Case (ii): D, < Dr= ld csc9 .

Then there are at least two, or at most three {'s on I satisfy ing ZAP,B = 0 .

In this case there will not exist any point p on L satisfying ZAQB = 180" - 0 '

Cases (iii) & (iv): D,- Dr= |d csc? or D, < |d csc 0 < D,

Then there are exactly two P,'s on I satisfying ZAP,B = 0 , and no Q on L
satisfying IAQB = 180"- 0 .

Case (v): *d csc 0 = Dr < Dz

Thenthere isaunique P onLsatisfying IAPB = 0 ,butno Q on L satisfying

ZAQB=180'-0.
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Case (vi): jd csc e < Dt < D,
Then there is noPor Q on Lsatisfying IAPB=0 ,orIAQB=180"-0.
Remark 3 I would like to close this arricle by pointing out that the resulrs
obtained here can be extended to the three dimensional case. For example,
the three dimensional version of Thporem I can be proved as follows.

Theorem 18 Let A(x,,,y,,2) and B(xr,y2,Z2) be two given points in three
dimensional space, and let 0o < 0 < 90" be a given angle. Consider the plane
zr passing through the points A, B , and the origin O . Let E be the "8- shape"
locus of all points P on tt such that ZAPB = 0, and Fthe "fish-shape" locus
of all points Q on z such that ZAQB = 180"- 0. Then
(a)The locusof all points P inthespacesuch that ZAPB=gisthethree

dimensional surface generated by rotating E about the line segment AB.
(b)The locus of all points Q in the space such that ZAQB = l80o- g is the

three dimensional surface generated by rotating F about the line segment
AB,

-rhe eterwaL vwtlsten1 of the
w orLd Ls Lts c ot^lL?reh0wsLbLLLty.
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